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Abstract 


We analyze the effects of noise on the traveling wave dynamics in neu¬ 
ral fields. The noise influences the dynamics on two scales: first, it causes 
fluctuations in the wave profile, and second, it causes a random shift in 
the phase of the wave. We formulate the problem in a weighted L 1 2 -space, 


allowing us to separate the two spatial scales. By tracking the stochastic 
solution with a reference wave we obtain an expression for the stochastic 
phase. We derive an expansion of the stochastic wave, describing the in¬ 
fluence of the noise to different orders of the noise strength. To first order 
of the noise strength, the phase shift is roughly diffusive and the fluctua¬ 
tions are given by a stationary Ornstein-Uhlenbeck process orthogonal to 
the direction of movement. This also expresses the stability of the wave 
under noise. 


1 Introduction 

Since their introduction in [T and m , m, neural field equations have been 
used widely as a phenomenological model for the evolution of the activity in 
networks of populations of neurons in the continuum limit. While they are of 
a relatively simple form, they exhibit a variety of interesting spatio-temporal 
patterns. For an overview of the many interesting questions associated to and 
the analysis of neural fields we refer to the books US], 0- and uni, and to the 
topical reviews OH, 0, and 0. 

We will here consider the one-dimensional Amari-type neural field equation 



( 1 ) 


where u{x , t ) is the average membrane potential in the population of neurons 
located at x at time t, the kernel w describes the strength of the synaptic 
connections, and the gain function F relates the potential to the activity in the 
population. We will be interested in traveling wave solutions to this equation, 
which have been proven to exist in El- 

The communication of neurons is subject to noise and it is therefore inter¬ 
esting to study stochastic versions of neural field equations. Since they have not 
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been derived from single neuron models it is in particular not clear how noise 
translates from the single neuron level to the level of populations. We will here 
sum up all possible stochastic influence in an additive Gaussian noise term and 
consider the stochastic neural field equation 



where lb is a Q-Wiener process on a suitable function space, and e is a small 
parameter describing the strength of the noise. 

In this article, it is our main goal to provide a mathematically rigorous 
analysis of the influence of the noise on the traveling wave dynamics on multiple 
scales. The term multiscale refers mainly to two different spatial scales: first, 
shifts in the phase of the wave, that is, displacements of the wave profile from 
its uniformly translating position, and second, fluctuations in the wave profile. 
In order to determine an expression for the stochastic phase C(t), we track the 
stochastic solution u with a reference wave profile. Here the phase is defined 
as a minimizer of an L 2 -distance between u and all possible translations of the 
wave profile. Roughly, tracking u is then achieved by dynamically adapting 
the speed of the reference wave u and thereby moving along the gradient of 
||m — «(• — C(f))|| towards the minimum. This can be seen as a dynamic version 
of the freezing of traveling waves applied by Lord and Thiimmler m- We derive 
an expansion of u of the form 

u(x,t ) = u{x — + ev 0 (x, t ) + e 2 Vi(x, t) + ... + e k Vk-i{x, t) + rk(x,t) 

Tk{t) = ct + eC'o(t) + e 2 Ci(t) + ... + e k Ck-i(t) 7 

where the coefficients Vk and Ck are independent of e and where the rest terms 
rfc are of higher order in e. The term multiscale may thus also refer to the 
different orders of the noise strength, and the Vk and Ck describe the influence 
of the noise on the scale e k+1 . Here we have separated the two spatial scales: 
the Ck describe the effects of the noise on the phase, and the Vk on the wave 
profile. The expansion is valid up to a stopping time r which can be shown to 
be large with high probability converging to 1 as e goes to 0. 

An analysis of the properties of the coefficients then allows to describe the 
effects of the noise. To first order of the noise strength, the phase shift, given by 
Co, is roughly diffusive. Using the spectral properties of the linearized system 
we find that the fluctuations are to first order given by a stationary Ornstein- 
Uhlenbeck process that is orthogonal to the direction of movement, expressing 
in particular the stability of the traveling wave under the noise. 

The question of how noise influences the traveling wave dynamics in neural 
fields was first considered by Bressloff and Webber in [7]. They identified the 
two effects and then formally derived a decomposition of the solution. They 
obtained a stochastic differential equation as an approximate description of the 
shift of the phase to first order of the noise strength, and found that the noise 
causes diffusive wandering of the front. 

In |16] , Kruger and Stannat made first steps towards a mathematically rig¬ 
orous derivation of a decomposition of the solution and our results can be seen 
as an extension of their work. 

The problem is also considered by Inglis and MacLaurin in m- Under as¬ 
sumptions on the spectral properties of the dynamics they analyze the local sta¬ 
bility and long-time behavior of the stochastic solution. While we dynamically 
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adapt the speed of the reference wave such that its distance to the stochastic 
wave becomes minimal, they derive a stochastic differential equation for the 
phase whose solution realizes the minimum exactly. 

The main novelty of our approach is that we work in a weighted L 2 -space. 
The density p that we introduce seems natural for the analysis in two aspects. 
First, it allows us to separate the two spatial scales. The dynamics of the phase 
and of the fluctuations in the wave profile decouple, such that we can obtain 
a separate description of the effects of the noise on the two scales (cf. section 
& Second, we can describe the spectral properties of the system in the space 
L 2 ( p ) (cf. section 12.311 . This will allow us to derive stability properties of the 
dynamics. 

The method of obtaining a description of the stochastic dynamics by sepa¬ 
rating the dynamics on different spatial (or temporal) scales and approximating 
to a certain order of e is related to Blomker’s work on amplitude equations (see 
for example [3] or un¬ 
it would also be interesting to consider the problem on larger time-scales. 
When adding external input to the neural field equation, interesting phenomena, 
such as stimulus-locking, occur. An investigation of the effects of noise in such 
situations has been started in [7] and recently continued in [6]. It would be 
desirable to obtain a mathematically rigorous description, in particular taking 
care of the different time scales involved. We plan to address this question in 
future work. 

Our methods do not rely on the particular neural field and traveling wave 
setting and it should be possible to extend the results to other types of equations 
and other types of patterns such as bumps or traveling pulses. 

The article is structured as follows. In section [2] we outline the mathemat¬ 
ical setting, explain our approach to determining the phase of the wave, and 
introduce our assumptions on the spectrum. The main results are presented 
in section [3l where we derive the expansion of the solution with respect to the 
noise strength (Thms. 13.5113.61 13.101) and analyze properties of the coefficients 
lsubsection l3.4l) . Finally, in sectionjlj we show that our results apply in the case 
of exponential synaptic decay. In particular we analyze the asymptotic rates of 
decay of the derivative of the wave u x and the associated adjoint eigenfunction, 
which are given explicitly as the roots of a third degree polynomial. 

2 Setting 

2.1 Assumptions on the Parameters 

We denote by || • || and (-,-) the norm and scalar product in L 2 (R), and for a 
density p we denote by || • || M and (-, •) Al the norm and scalar product in L 2 (/z), 
the space of measurable functions / such that ||/|| 2 = / f 2 (x)p(x)dx < oo. Let 
H 1 denote the Sobolev space of functions h £ L 2 (R) that have a weak derivative 

h x £ L 2 with norm ||/i|| m = (l|h|| 2 + ll^xll 2 ) 2 • The norm and scalar product in 
the Sobolev spaces H 1 and H 1 (p) are denoted by || • ||#i, (-, -)#i and || • ||#i( M ), 
(-, > respectively. 

As usual, we take the gain function F : R. —> [0,1] to be a sigmoid function, 
for example F(x) = 1+e -^( x -^) for some 7>0,0 <k< 1. In particular we 
assume that 





A Multiscale Analysis of Stochastic Traveling Waves 


4 


(i) F > 0, lim^-oo F(x) = 0, lim xtoo F(x) = 1 

(ii) F(x) — x has exactly three zeros 0<ai<a<a2<l 

(iii) F £ C k for some k > 2 and the derivatives are bounded 

(iv) F' > 0, F'{a\) < 1 ,F'{a 2 ) < l,F'(a) > 1 


Our assumptions on the synaptic kernel w are the following 
(i) w(x) = t/)(|a;|) for some w £ C 1 (K + ,K+) 


(ii) w(x)dx = 1 and 


< oo 

OO 


In Section [I] on the asymptotic behavior of u x we assume exponential synaptic 
decay, i.e. w{x) = ^ye~~ for some <r > 0. 

Assumption (iv) on F implies that ai and a 2 are stable fixed points of 
©. while a is an unstable fixed point. It has been shown in [ T2] that under 
these assumptions there exists a unique monotone traveling wave solution to © 
connecting the stable fixed points (and in jB], that traveling wave solutions are 
necessarily monotone). That is, there exists a unique wave profile u : R —> [0,1] 
and a unique wave speed cel such that u TW (t,x) := u(x — ct) is a solution 
to ©, i.e. 


- cd x uf w (x) = d t uj w (x ) 


-ut w (x)+w*F{ui w )(x) 


(3) 


lim u(x) = ci 2 ■ 

X —^OO 

As also pointed out in [12], we can without loss of generality assume that c > 0. 
Note that by ©. the regularity of F and w determine that of ii. If F £ C k , 
w £ C 1 , then u £ C k+2 . Furthermore, u x £ L 2 (K). 

As in m , in order to solve we will consider the stochastic neural field 
equation for the difference v = u — u Tn . In order to be able to ‘freeze’ the wave 
(cf. subsection 12.211 . we want that v(t) £ H 1 . Let (' W t ) be a Q-Wiener process 
on L 2 with non-negative, symmetric covariance operator Q. We assume that 
Q 2 : L 2 —> H 1 is Hilbert-Schmidt, that is, for any orthonormal basis (e*,) of 
\\Qek\\ 2 H i < 00 . Q 2 may for example be given by a symmetric integral 
kernel, Q^u = f q(x, y)u(y)dy, with f \\q(x,-)\\ 2 Hl dx < 00 . Details on the theory 
of Q -Wiener processes can be found in !IS] or [TD], 

Proposition 2.1. For any initial condition 77 £ H 1 , there exists a unique strong 
H 1 -valued solution to the stochastic neural field equation 


and 


lim u(x) = ai, 

) — y —00 


dv(t) = ( — v(t) + w * {F(u(- — ct) + v(t)) — F(u(- — ct))))dt + edWt, 
v(0) = erj. 


v has a continuous modification and for all p > 1, E( sup 0<t<T ||u(t)||^- 1 ) < 00 . 
u(x,t) = u(x — ct) +v(x,t) is a solution to ©]. 
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Proof. B(t,v) := -v+w*(F(u(- — ct)+v) — F(u(- — ct))) is Lipschitz continuous 
in v since for v\,v 2 £ H 1 , 


\\w * ( F(u (• - ct ) + Vi) - F(u(- - ct ) + v 2 ))\\ H i 


M 

W x 

W 

oo ^ 

( 1 + 

Wx 

w 

oo ^ 


\F'\U\v 1 -v 2 \\. 

Now the claim follows for example from Thm. 7.4 in [TS] (with A = 0). □ 

v(t) satisfies 

dv(t) = (L t v(t) + R(t, v(t))^dt + edWt, 
where the time-dependent linear operator L t is given as 

L t v = — v + w * ( F'(u(• — ct))v), (5) 

and 


R(t, v) = w * (F(u(- — ct) + v) — F(u(- — ct)) — F'(u(■ — ct))v). 


2.2 The frozen wave equation 

It will be useful to work in the moving frame picture. That is, we can freeze the 
wave by moving instead the coordinates. For h : [0, T] — > Ff 1 set hft(x,t) := 
4 > t h(x,t) := h(x + ct,t). For g £ Ff 1 , by Ito’s lemma, 


(v*(t),g) = (v(t),g(- - ct)) 

= M° ),g)-c (v(s),g x (-- cs))ds 

Jo 

+ (L s v(s) + R(s,v(s)),g(- - cs))ds + e (g(- - cs), dW s ) 

Jo Jo 

= (M(0), g) + c f (d x v*(s), g)ds + f (—M(s) + w * (F'(u)v# (s)) , g)ds 
Jo Jo 

+ [ (R*(v*(s)),g)ds + e [ {g,$ s dW s ) 

Jo Jo 

= (v*(0 ),g)+ f(L*v*{s),g)ds + f {R*(v*(s)),g)ds + e [\g,<h s dW s )ds, 
Jo Jo Jo 


where Lft is the frozen wave operator given by 


L*v = — v + cd x v + w * (. F'(u)v ), 
V{L*) = H 1 , 


and R&(v) = w* (F(u + v) — F(u) — F'(u)v). That is, v&(t) is the weak solution 
in L 2 to the frozen wave equation 

dv*(t) = (. L*v*{t) + R*{v*{t)))dt + e^> t dWt, 
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Note that L#(u x ) = 0. The adjoint of A# is given as 

= —v — cd x v + F'(u)w * v 
V(L*’*) = H 1 . 


Proposition 2.2. There exists a unique ip £ Ft 1 , ip > 0, such that L#’*ip = 0. 

Proof. The proof is similar to that of Thm. 4.2 and 4.3 in [12]. There exist 
<5, M > 0 such that for all x with |x| > M. F'{u(x )) < 1 — <5. Consider the 
operator on L 2 

w * (F r (u)v) = Kv + Bv 


where 


and 


/ M 

w(x - y)F'(u(y))v(y)dy 

-M 

( p—M poo \ 

/ + / )w(x - y)F'(u(y))v(y)dy. 

J —oo JM ) 


Then \\B\\ < 1 — 5 and K is compact. We have 


L* - (-/ + cd x + B) = K. 


A := —I + cd x + B has a bounded inverse. 

We have A~ 1 L# = I+A~ 1 K and A -1 /\ is compact. Thus, is a Fred¬ 

holm operator with index 0. By the Fredholm alternative, since A~ 1 L#u x = 0 
and since there are no other eigenfunctions with eigenvalue 0 as proven in Thm. 
4.2 in [T2], there exists a unique ip ^ 0 such that L# , *(A*)- 1 ip = 0, hence 
Lft y *ip = 0 where ip := (A *) -1, ip £ ff 1 . 

Since cip x = —ip + F'(u)w * ip, we actually have ip £ C 1 . We show that ip 
is of one sign. Assume without loss of generality that there exists x such that 
ip(x) > 0. Set ip+(x) = ip(x) V 0. Then ip + £ Ff 1 with ip+ = ip x on {ip > 0} and 
ippp = 0 on {ip < 0}. Thus, on {ip > 0}, L*’*ip + = —ip — cip x + F'(u)w * ip + > 
L#’*ip(x) = 0, and on {ip < 0}, L#’*ip + = F'(u)w * ip + > 0. Since u x > 0 and 

0 = (L*u x ,iP+) =(u x ,L*’*iP+), 

it follows that L#’*ip + = 0 and hence ip + = ip. □ 

We normalize ip such that ( u x ,ip } = 1. Set p{x) = . Note that for 

h £ H 1 , 

(L*h , ux) p = ( L*h , ip) = (h, L#’*iP) = 0, (6) 

that is, L#(Ff C uf, where we denote by u x the orthogonal complement of u x 
in L 2 (p). In L 2 (p), the direction of movement of the wave u x and the orthogonal 
directions are thus naturally separated by L&, which makes it a natural choice 
of function space to work in. 
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2.3 The phase of the wave 

We loosely define the phase p of a ‘wave-like’ function u to be a minimizer of 

aH> ||u- u(- -a)|| p , (7) 

the L 2 (p)-distance between u and all possible translations of the deterministic 
wave profile u. 

In order to determine the phase shift caused by the noise, we dynamically 
adapt the phase of a reference wave to match that of the stochastic solution. 
The idea is to move along the gradient of 0 towards the minimum. If we let a 
depend on a parameter s and differentiate, we obtain 

^ ||u - u{- - a(s))||p = 2a(s)(u - u{- - a(s)),u x (■ - a(s))) p . 

If we now choose a such that a(s ) = —{u — u(- — a(s)), u x {- — a(s))) p , 

then ||u — u(- — a(s))|| < 0, which means a should move towards the right 

phase. 

This motivates the following dynamics which were first introduced in m and 
m ■ Let C m (t) be the solution to the pathwise ordinary differential equation 

c m (t) := C m (t) 

:= —m(u(t) - u(- -ct - C m {t)),u x {• - ct - C m (t))) p[ ._ ct _ C m {t)) (8) 

= — m{u(t) — u(■ — ct — C m (t)),il)(■ — ct — C m (t))}, 

which can be shown to exist analogously to m, Prop. 3.5. Here m > 0 is a 
parameter that determines the rate of relaxation to the right phase. 

It cannot in general be expected that there exists a unique global minimum 
of 0 as discussed in [15] ■ Here C m is designed to follow the local minimum 
that is closest to the initial phase. 

In [15], Inglis and MacLaurin derive an SDE describing the dynamics of 
this local minimum exactly. Our approach gives an approximate description in 
terms of an ODE. In particular it provides a way of calculating the phase of the 
stochastic wave from a realization without explicit knowledge of the noise. 

Recall that u x G I7 1 (p) is an eigenfunction with eigenvalue 0 of the frozen 
wave operator Lft. We assume that the neural held dynamics is contractive on 
Ux- 

Assumption 2.3. L& has a spectral gap in L 2 (p), that is, there exists k > 0 
such that for h £ H 1 (p), 

(L#h,h) p <- K (\\hf p -(h,u x } 2 p ). (9) 

This assumption reflects that perturbations in the front profile that are or¬ 
thogonal to the direction of movement u x should be damped by the neural Held 
dynamics, while perturbations in the direction of movement will cause a random 
shift in the phase of the wave. An article containing the proof is in preparation. 

Note that in contrast to m and HE here we assume the spectral gap in 
L 2 ( p ) instead of L 2 . To our knowledge, there is so far no proof of the inversion 
for arbitrary values of the wave speed c. 

Under Assumption 12.31 using 0, L# generates a contraction semigroup 
{Pf) on u x that satisfies 


.# 


— Kt 
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3 A Multiscale Analysis 


3.1 The Measure p 

In order to be able to control the L 2 - norm as well as the L 2 {p)~ norm of v, 

we will from now on work in the space H 1 ( 1 + p) = H 1 n H 1 (p) equipped 

1 

with the norm ||h||#i(i +p ) = ^||h||^i + ||h||jyi( p )) 2 . To obtain a solution to 
0 in H 1 ( 1 + p) we adapt our assumptions on the noise. We assume that 
Qz is Hilbert-Schmidt as an operator from L 2 into H 1 ( 1 + p). Q 2 may for 
example be given by a symmetric integral kernel, Q^u = f q(x,y)u(y)dy, with 
f \\q{x, •)||//i( 1 _|_ p ) dx < 00 . Then for any orthonormal basis (e*,) of L 2 , using 
Parseval’s identity, 

= J2({[ <l{x,y) e k{y)dyj 

k k ■' ' 

+ (/ Qx{x,y)e k {y)dy S j (1 + p{x))dx 

= J (lk(®, -)H 2 + hx{x, -)H 2 ) (1 + p{x))dx 

= J M-,y)\\m(i+p) d y < 00 

We make the following assumptions on p. 


Assumption 3.1. (i) There exists a constant L p such that for all x £ R and 

V > 0, 

p(x - y) < L p p(x). (11) 


(ii) There exists a constant I\ p > 0 such that 

ui * p{x) < K p p(x). (12) 


Condition (i) says that p should be roughly increasing. We have an a priori 
bound on the growth of p since = 0 implies that 


and thus 


and similarly 


such that 


I Px 


r>00 

^(x) = / e~ s F'(u(x — cs))w * ^(x — cs)ds 

Jo 


\lpx(x)\ < ( 


F"(u)u x 

F'(u) 



(*^) | — 


Wx 

W 


u x (x), 



^xx 


P < 



F"{u)u x 

F'(u) 



(13) 


Condition (ii) says roughly that p should neither grow nor decay too quickly 
relative to w. It has already been noted in m that this is a sufficient condition 
for the existence of an L 2 {p)- valued solution. 

In section [I] we prove that the conditions are satisfied in the case of expo¬ 
nential synaptic decay. 
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Proposition 3.2. Assume that p satisfies 112}) . Then for any 77 £ H 1 ( 1 + 
p ) there exists a unique strong i? 1 (l + p) -valued solution v to the stochastic 
evolution equation ©■ v admits a continuous modification and for all p > 1, 

E( sup |Ht)||tfi (1+ 0 < 00 . 

0 <t<T K 

Proof. As in the proof of Proposition 12.II it is enough to show that B(t,v) := 
—v + w * ( F(u(■ — ct) + v) — F(u(■ — ct ))) is Lipschitz continuous in v. This 
follows from the fact that for V\ , v 2 £ H 1 , , using urn 


w * ^ F(u{y 

- ct) + Vi(y)) - F(ii(y - ct) + v 2 {y ))) 

2 

hHi+p) 

<(! + 

Wx 

w 

^ ) \\ f '\\L J J y)( 1 + p(x))dx(v x (y) - v 2 (y)) 2 dy 

<(! + 

W x 

w 

x ) WF’Wlo J ( l + K pp{y))){vi{y) - v 2 (y)) 2 dy 

<(! + 

W x 

w 

‘ )\\F'\t(l + K p )\\v 1 -v 2 \\ 2 1+p . 

OO ' 



□ 


The family of linear operators defined in © satisfies 
\\Lth\\ 2 H i( 1+p ) < 2^1+^1+ — (l+A' p )||F , ||^ 0 j 

It generates an evolution semigroup ( Pt,s)o<s<t<T with 

\\Pt, s h\\m(i+ P ) < 

v can thus be represented as a mild solution 


=: Li 


v(t) = ePtfiT) + f P tiS R{s,v(s))ds + e f P tiS dW s . 
Jo Jo 


\m(i+p)- 


3.2 An SDE for the wave speed 

Set v m (x,t) = u(x,t) — u(x — ct — C m [t)) to be the difference between the 
solution u to the stochastic neural field equation 0 and the deterministic wave 
profile moving at the dynamically adapted speed c + c m (t) as defined in ©. v m 
satisfies the stochastic evolution equation 


dv m (t) = ( - v m (t) + w * ( F'(u(■ -ct - C m {t)))v m (t )) + R m (t, v m (t)) 
+ c m (t)u x (- -ct- C m (f )))dt + edW t , 


(14) 


where 

R m {t, v m (t)) =w* -ct- C m {t)) + v m (t)) - F(u(■ -ct- C m (t))) 

- F\u{--ct-C m {i)))v m {t)}. 


Set <p m (t) = ct + C m (t). 
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Lemma 3.3. The adaptation of the wave speed c m (t) = —m(v m (t),ip(-—(p m (t))) 
solves the SDE 

dc m (t) = (-mc m (t)+m(v m (t),ip x (- - <p m (t)))c m (t) 

- rn(R m (t,v m (t)),ip(- - ip m (t)))^jdt- em(tp(- - ip m (t )), dW t ), 
c m (0) = — em{rj, ip). 

Proof. By Ito’s lemma, 

c m (t ) = —em(r], if)+m [\c + c m (s))(v m (s),ip x (- - <p m (s)))ds 
Jo 

— to J {—v m (s)+w*(^F , (u(- — ip rn (s)))v m (s) S j,'ip(-—ip rn (s)))ds 

— m f {R m {s,v m (s)),tp(--<p rn (s)))ds-m f c m {s)ds{u x ,iP) 

Jo Jo 

— em f (ip(- - ip m (s)),dW s ) 

Jo 

= c m (0) — m [ {v rn (s),L#’*iP(--<p m (s)))ds 

Jo 

-mf (R m (s,v m (s)),ip(--V m (s)))ds 
Jo 

+ m f c m (s)(v m (s),ip x (- — ip m (s)))ds — m j c m (s)ds 

Jo Jo 

— em f (ip(- - ip m (s)),dW s ) 

Jo 

= c m (0) —m f c m (s)ds + m f c rn (s){v m (s),ip x (- — ip m (s)))ds 

Jo Jo 

-to f (R m (s,v m (s)), ip (• - ip m (s)))ds - em f {ip (• - ip m (s)),dW s ) 
Jo Jo 

□ 


3.3 Expansion with respect to the noise strength 

As outlined in section [2TTTI we expect u(- — ct — C m (t )) to track the stochastic 
solution, which means v m should describe the fluctuations in the wave profile. 
As long as to is finite, this can however only be an approximate description. 

We prove an expansion of the solution u to © that allows to analyze the 
behavior of the coupled system ( v m ,C rn ) to arbitrary order of e. In Section 
13.41 we will derive the expansion in the limit m —> oo and analyze properties of 
the coefficients in the expansion. In particular, we will show that the limiting 
regime indeed corresponds to immediate relaxation to the right phase, thereby 
justifying the expansion as a description of the effects of the noise. 

Set pt(x ) = p(x — ct). For h £ C([0, T\,H 1 { 1 + p)) set 

\Mt= sup ||/l(f)|| ff i(i +pt) , 

0<t<T 
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and for / € C([0,T]) set |/|t = sup 0<t<T \f(t)\. Here we move the measure 
with the wave such that for all f > 0 , 

|| ff i( 1+pt ) = W&x (* - ci )lli?i(l+p t ) = l|Wa:|lijl(i_(_p) ■ 

Note that there exists a constant K > 0 such that HhH^ < K ||h||#i( 1+p ) for 
all h € H 1 ( 1 + p). 

We start by formally identifying the highest order terms in c m (t) using 
Lemma m Since we expect both C m and v m to be of order e (up to the 
time horizon T) that leads us to define c™(t) to be the unique strong solution 
to 


dc™(t) = — mc™(t)dt — m(ip(- — ct), dWt), c™(0) = — m{r], if). (15) 

Set C™{t) = c™(s)ds and <pfi l (t) = ct + eC™(t). 

Formally identifying the highest order terms in ED we define v™ to be the 
unique strong solution to 

dv™(t) = ( L t v™(t ) + c™(t)u x (- - ct))dt + dW t , u™( 0 ) = rj, 
where L t is as defined in (JSJ). 

Remark 3.4. Note that, to first order, the dynamics of C m decouple from those 
of v m . This would not be the case if we had defined the phase in the unweighted 
space L 2 . It is by defining the phase adaptation in L 2 (p) that we can achieve a 
separate description of the influence of the noise on the two scales. 

For e > 0, 0 < q < 1, set 

Tq,e = inf {0 <t<T : ||u(f)|| ff i (1+Pt) > e 1-9 }, (16) 

where v is the solution from Prop. 13.21 and 

r™ = inf{0 <t<T: \C™(t)\ > e" 9 }. 

Theorem 3.5. Let q <\. Then on {t 9j£ A = T}, 

u(x,t) = u{x — ct — eC™(t)) + ev™(t) + er™{t) 


with 

\K\\t < <*i (T)e 1 - 29 
for a constant ot\(T) independent of e and m, and 

P(t ? , £ At™=T)^1. 

Proof. Set v™(t) = u(t) — u(- — ip™(t)) = v{t)+uf — ct) — u(- — ip™(t)). Note that 
by Taylor’s formula, there exists £(x,t) with |£| < e|C™| such that v™(x,t) = 
v(x,t) + eC™(t)u x (x — ct + £(x, t)) and thus 

ll'5o l ( i )llfl' 1 (i + Pt ) < + e l c o l ( i )lll^||ffi(i+p(—{(t))- 


Using (fill) and (TTTJ1) . 


Pix-0 < {L p V e M(L )p(x) 


( 17 ) 
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and thus on {r gj£ A r™ e = T}, 

\K\\t < V e M ^ q ^\\u x \\m { i +p) ) (18) 

r™ satisfies the pathwise evolution equation 
drTit) = (. L t r?(t ) 

+ iw * (F(u(- - ^(t)) + v^(t)) - F(u(- - ^(t))) 

-F'(fi(.-<^(*))K*to) 

+ -w * ((F'(u(- - <(*))) ^ i'(i(‘ - ct)))C(t)) 

+ c™(t)(u x (- - - u x (- - ct))^jdt 

=■ (L t r^(t) + rT A (t)+r^ 2 (t)+r^ 3 (t))dt. 

By Taylor’s theorem there exist £i,i(ar,t), £1,2 {x,t) such that 

<1 (t) = ^ * (F"(u(- - <W) + 

er™ 2 (i) = ~eC™(t)w* (F"(u(- - ct + 6, 2 (i)))wx(- - ct + £i, 2 (t))tC(i)) ■ 

We therefore have, using the Cauchy-Schwarz inequality, that 

lki!i(l)lli+p t < J^\\ F "\\lo j J w 2 (x-y)(v£ l ) 2 {y,t)dy{l + p t {x))dx 

J {v™) 2 (y,t)dy 

< ^ liml lklloc(i + ^p)IK(t)|| 2 ||fi 0 m Wllf + p t 

and 

\\r?M\l +Pt < |Go m (i)| 2 ||i"(^llL(l + ^p)Po m WII? + p t - 

Recall that r™ can be represented as a mild solution, 

r-rw = f PtAr?,i(s)+r?,2( s )+r™s(s))ds. 

Jo 

Set i?™ 3 (t) = 1 ( — u(- — + u(- — ct) — eC™(t)u x (■ — ct )). We have 

r™ 3 (t) = + cd x )R™ 3 {t ) and therefore 

J Pt, s r?A s )ds = l [ p t,eR% 3 (s)] + Pt,.(i 8 + cd x )R™ 3 (s)ds 

= R?A t )+ [ Pt,s(L s + cd x )R™ 3 (s)ds. 
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Recall that ||Pt, s fo||/fi(i+p s ) < e L *^ S )||h||#i( 1+Pa ). Using Taylor’s theorem and 
m it follows that 


P tjS r™ 3 (s)ds 


HHl+pt) 


< {t)^\\u xx {- - ct- Cl,3,l( i ))llff 1 (l+Pt) 

rt 


+ Lj 




' 0 


\C'o l (s)\ 2 (L*\\u xx (■ -cs- 6,3,l( s ))llff 1 (l+p a 


+ c\\u xxx (- - cs- £l,3,2(s))||ffi(l+p„))ds 

< lie'll t(L p v e M ^- q )i ((1 + L}(e L * T - m\n xx \\Hm +P ) 


+ ^-(e L * T - l)\\u x 

J-J * 


.)■ 


l xxx\\H 1 {l+p) t 

Since for i = 1, 2 

II^M^iWII^d+p,) < L p e 2L ^\\rTM\m { i +Ps) 


<L p e 2L ^~ s H 1+ ^ 2 ) ||r™j(s)|| 
V it; oo/ 


!?+*> 


we conclude that there exists a constant ai(T’) independent of m and e such 
that 

llr-rilT^iCne 1 - 2 *. 

If r qi e A r” £ = r gi£ < T, then by continuity, almost surely, there exists to < T 
such that, 

e 1 " 9 = IKMIIffi(i+p t0 ) 

= II ~ tCo l (to)ux{- — cto + £{to)) + euQ l (to) + «'i n ( i o)||ff 1 (i+p to ) 

and thus 

IKW - C^(t 0 )u x (- - ct 0 + ^(t 0 ))\\ H i ( i +pto) > e~ q - e||r^(t 0 )||Hi(i + p to ). 
We therefore have that 
P( T q,e A T™ e = T q ^ < T) 

< P(\\v o m - C^u x (- -<* + m\\T > e~ q - ar^e 1 - 2 ’) 

0^2 q 

(1 _ ai(r)el - g)2 (m<\\ 2 T ) + E{\C?$){.L p V e Me ■ <, )||h,||^ (1+p) ) 

e ->0 


< 


4 0. 


Since 


P(r- < T) < P(|U™|t > e~ q ) < e 2q E(\C^\ 2 T ) ^ 0, 
it follows that 


P(r 9 , e A r™ < T) < P(r 9 , £ A r™ = r 9 , £ < T) + P(r™ < T) ^ 0. 


□ 
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Analogously we can obtain an expansion to higher order of e. Formally 
identifying the highest order terms in -c m (t) — c™(t) we define c™(t) to be the 
unique strong solution to 

dc?(t) = ( - mcT(t) - \m{w * (F"(u(- - ct))(v^) 2 (t)),^(- - ct)) 

+ mco(t)(vo l (t),ij) x (- - ct)))dt + mC™{t)(ip x (- - ct),dW t ), ( 19 ) 

c?*(0) = 0. 

Set C™{t) = f*c^(s)ds and = ct + eC™(t) + e 2 C'{ n (t). Identifying the 

highest order terms in i v m — v™, set v™ to be the unique strong solution to 

to?{t) = (■ L t v?(t)+w * (. F”(u(■ ct))(\{v^) 2 (t) - C™{t)u x (- - ct)v^(t))) 
- Co l (t)Cr(t)u xx (- - ct) + ci*(i)u x (- - ct)^dt, 

<( 0 ) = 0 . 

( 20 ) 


For arbitrary k € N, if F £ C k+1 we can iterate the procedure and define cf l _ 1 , 
and v^_i by successively identifying the highest order terms in -^(c™ — ec™ — 
... — e k ~ 1 c’ f f_ 2 ) and (v m (t) — ev™(t) — ... — e k ~ 1 v™_ 2 (t). This way we obtain 
an expansion of u up to order e k . Set 

<PZ-i (t) = ct + eC™ (t) + ... + e fc CT_ 1 (t). 

Theorem 3.6. Assume that F £ C k+1 for some k > 1. Let q < -jAy- Then on 
{T q<e A t™ = T}, 

u(x,t ) = u{- - ^fcLi(t)) + evff(t) + ... + e k vr-x{t) + e fc r£*(i) 

with 

IkHlT < a k {T)e^ k+ ^ 

for some constant otk{T) independent of e and to. 

We will prove the expansion for k = 2. For larger k the analysis can be 
carried out analogously, but the formulas become unwieldy. 

We start by deriving a useful representation of (7”\ 

Lemma 3.7. 

CT® = ~f\l - e~ m ^)(w* (f"(u(- ~ cs))(^) 2 (s) 

- C™(s)u x (- - cs)v™(s))j,ip(- - cs))ds 

+ f me- m( *-''>Cp{s)(vZ{s)M- - cs))ds 
J 0 

me- m ^- s \C^) 2 (s)ds(^ x ,u x ). 
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Proof. Integrating (fH?l) we obtain 


C?{t) = j\ 1 - ( - \(w * ( F"(u(- cs))m 2 (s)), V-(- - cs)} 

+ Co(s)(v^{s),7p x (- - cs)))ds 

+ f\l - e- m ^)Cff(s)(^ x (- - cs), dW s ). 

Jo 

By Ito’s Lemma, 

[\l - e- m ^)c^(s)(v^(s),M- - cs))ds 
Jo 

= f me- m ^C^(s)(v^(s),^ x (- - cs))ds 

Jo 

~J{ 1 - (L* s - cd x )A( • - cs)} 


+ C™(s)(Ua;, ifx^ds 


( 1 - 




) )C^(s)(M--cs),dW s ). 


Using integration by parts we obtain that 

S ’ > ) c o l (s)C™(s)ds = IJ* -me-^- s \C^f{s)ds, 


- [ (1 - e - m(t " s 


and since (L* — cd x )tp x (- — cs) = —F"{u{■ — cs))u x (■ — cs)w*i/j(- — cs), the claim 
follows. 


of Thm. \H.(A Note first that, using Lemma Id. 71 
|C7|t < M / W . 1 


- cs))(-«(s)) 2 - C™(s)u x (- - c s)u 0 m (s))) 


ds 


m T \m f me- m ^\\v^(s)\\ds+ 


Since 

v™(t) = ^(v(t) + u(--ct)-u{--yff{t))) -r?(t) = ^v™(t) ~ r?(t), 

using Theorem 13.51 and (fl8l) it follows that there exists a constant 0\(T) such 
that on {r gj£ A r™ e = T} 

IKIIt < 01 (T)e-T 
Therefore there exists a constant 0i{T) such that 

\CT\t < /3 2 (T)e- 2 L (21) 

Set v™{t) = v + u(- — ct) — u{- — <p™(t)). By Taylor’s theorem there exists £(x, t) 
with |£| < \eC™ + e 2 Cf | such that 

vT(t) = v(t) + (eC?(t) + e 2 C™(t))u x (• + £(i)) 
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and it follows that there exists a constant fds{T) such that 

IKIIt < ftcry-*. 

We have 

dr™(t) = ( L t r?(t ) + r^(f) + r£ 2 (i) + r% 3 (t))dt, 

where 

e 2 ^i(i) = - <Pi(t)) +6T(f)) -F(u(- - 

- F'(u(. - - ±F"(u(. - vTmWit)) 2 ) 

+w * ((f'(u(- - - f'(u(. - ^m)vT(t)) 

+ w* ([F'(u(- - <Po(t))) - F'(u(- - ct )) 

+ eC™(t)F"(u(■ - ct))u x (■ - ct))K(*)) 

- eC™(t)w * ( F"(u{■ - ct))u x (■ - ct)(v™(t) - ev™(t))J 
+ \w* (( F"(u(■ - <(t))) - F"(u(- - ct)))«(i)) 2 ) 

+ ±u»* (F"(*(. - ct))((v?(t)) 2 - e 2 W(t)) 2 )) 

= J2 7 tiM 

1=1 

e 2 r™ 2 (i) = (KM + e 2 c™(t))(u x (- - KW) - K - ct)) 

+ e 2 (^{t)C^{t)u xx {- - ct). 

Now 

^Ik^i.iWIli+p* < ll^ ( 3 ) ll»(i + K)IMUIIKMll?+ Pt J (K) 4 (z>*)<& 

<^ll^ ( 3 ) llL(l + Agik||oo||<(t)||f +p J|<(t)||Lll<(i)ll 2 

<-^l|A (3) ||^(l + ^)|k||oo^ 2 |K||^ 

Concerning 4 and 6 , note that there exists i;(x,t) such that 

K(t) = TO + fi(- - TO) ~ *(■ - TO) 

= evS'it) + er?(t) + e 2 CT(t)u x (- - TO + £), 
and hence, using GD, for some constant /^(T). 

IK - K||t < /3 4 (T)e 2 - 2 «. 


2 r 2 m 2 (t) = i^ 2 (t) 


Pt,s{L s + cd x )R™ 2 (s)ds 


We have 
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with 


R?g(t) = -«(• - + u(- - ct) - (eC™(t) + e 2 C™(t))u x (- - ct) 

+ <?\{CV)\t)u xx {--ci). 

Now all the terms can be estimated as in the proof of Thm. 13.51 and we obtain 
that there exists 0:2 (T) independent of to and e such that 

\\r^\\ T <a 2 {T)^ q . 


□ 

Remark 3.8. Note that in the case k = 1 (Thm. I,*?.,51) we could also define the 
stopping time t 9j£ os an exit time of the L 2 { 1 4- p t )-norm of v and obtain that 
sup t<T ||r™(t)||i +Pt < ai(T)e 1-29 . This is not the case in the proof of Thm. 
where we need to control || , Dj ra (t)||oo- 

3.4 Immediate Relaxation 

We now go over to the limit m — > 00 , presumably corresponding to immediate 
relaxation to the right phase. Since all the estimates in section 13.31 are inde¬ 
pendent of to, the expansion will translate to the limiting regime once we have 
computed the limits of the coefficients. 

Denote by 7r s the projection onto the orthogonal complement of u x (- — cs ) 
in L 2 (p s ), i.e., 

nsh = h - (h, u x )p(— ca )u x ( • - cs). 

Note that while C™{t) = / 0 * c™(s)ds is a process of bounded variation, in the 
limit to —^ 00 we go over to a process of unbounded variation. The convergence 
is only locally uniform on (0,T) due to the initial jump to the right phase in 
the limit. 

Lemma 3.9. For any 8 > 0, for i = 1, 2, almost surely 

sup |C™(f) - Ci(t)\ 0 

6<t<T 


and 


sup 

5<t<T 


where Co(0) = 0, cq(0) = p, and for t > 0, 


C 0 (t ) 



cs) 1 dW s ) 


v 0 (t) = Pt, 0 n 0 p+ P tyS n s dW s , 
Jo 
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and where 

Ci(t ) = - J (w* ( F"(u(■ - cs))(^Vq(s) - C 0 (s)u x (- - cs)v 0 (s))'j,if(- - cs))ds 

+ C 0 {t)(v 0 (t),ip x (- - ct )> - i Co(t)(u x ,-i/j x }, 

v i(t) = J P t<s w * - cs))(^Vq(s) - C 0 (s)u x (- - cs)v 0 (s))^ds 

1 f* 

+ Ci(t)u x (- - Ct)- - / P t ,sUxx{- - cs)dC'o(s) 

* Jo 

We postpone the proof to the end of this section. 

Theorem 3.10. Let r q ^ be as in IIhi) and set T^° e = inf{0 < t < T : |Co(f)| > 
e~ q }. Then on {t ? i£ A r~ = T}, 

u(x, t) = u{x — ct — eC'o(t)) + evo(x, t ) + er±(x, t ), 

and if F £ C 3 , then 

u(x, t ) = u{x — ct — eCo(t ) — e 2 C\(t)) + eVo(x , t) + e 2 ui(;r, t) + e 2 r 2 (x, t), 
where for k = 1,2, 

\\r k \\ T <a k (T)e 3 ~^ q , 
with a k as in Thms. 1 3.5\ and \3.6\ and 

P(r q ,e a = T) ^ 1 . 

Proof. Let 0 < t < A r“. Integrating m3 we obtain that 

<T(*) = -(l-e""“)M>- f\l-e- m ^m--cs),dW s ). (22) 
By Ito’s Lemma, 

C 0 m (f) = -(1 - e~ mt )( V ,iP) - f me- m ^- s \^ - ca), W s )ds 

- C [ (1 - - cs), W s )ds. 

Therefore, for 0 < S < t, 

\CP\s < \{rj,ip)\ + m\\W\\ S + c6U x \\\\W\\ s ^ \M)\ < e~ q . 

Since for any <5 > 0 sup 5<s<t |C™(s)| sup 5<s<t |Co(s)| < e~ q it follows 

that also t < r q ^ A r™ e for sufficiently large m. Therefore, using Theorem 13.51 
and Lemma m 

h r 1^)11 m(i+ Pt ) < IK*) - H- ~ct~ eC^(t)) - evff{t)\\ H1{1+pt) 

+ ||«(. - ct - eC™(t)) - u(- - ct - eC 0 (t))ll H i (1+pt) 

+ e ll<'(*) - V o(t)llffi( 1+Pt ) 

< ar(T) e 2 -^ + e|C 0 m (t) - C 0 (t)\(L p V \\u x \\ H1(1+p) 

+ e|K*(*) - u o(*)|| H i(i +(9t) 

ai(T)e 2 ~ 2q ,a.s. 
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Thus, on {r, je A r£° e = T}, ||ri|| T < ai(T)e 2 2q . 

The proof for the higher order expansion is analogous. 

P(r q ,e a r“ = T) 1 

is proven as in Theorem 13.51 □ 

The term —( 17 , i/>) in Co accounts for the initial phase difference between u(0) 
and u. We have 


Var(C 0 (t)) = f (ip(- - cs),Qip(■ - cs))ds « (?/’, Qip)t 
Jo 

if the correlations are roughly translation invariant (they cannot be translation 
invariant since Q is of finite trace). This is in accordance with the analysis of 
Bressloff and Webber in 7]. 

Note that for t > 0, 

(vo(t),u x (- ~ ct))p t = (Pty^oV, i>(- - ct)) + ( [ Pt, s n s dW s ,ip(- - ct)) 

Jo 

= ( n oV, P*,oW- - ct ))) + [ (Ptsi’i- - ct ), n s dW s ) ( 23 ) 

Jo 

= ip) + (ip(- - cs ), n s dW s ) = 0. 

Jo 

In the frozen wave setting, is thus orthogonal to u x in L 2 (p). Recall that the 
frozen wave operator Lft generates a contraction semigroup on up. For t > 0 
we can therefore write 


vf{t) = pf TT 0 r]+ [ P* s $sTT s dW s = P t # 7T 0 77 + [ P* s tt 0 $ s dW s . 
Jo Jo 

Using uni it follows that 


INWIU = II^WIIp < e 


P*_ s n 0 <S> s dW s 


and hence 


£(IM*C) < 2e- 2 ^|HI 1 + 2 f \\P?- a *o*,QHU L >,V‘lP) ) ds- 

Jo 

Let (efe) be an orthonormal basis of L 2 . We have 

\\P* s TT 0 <f> s Qi \\l 2(L y L , (p)) = Y, \\P t *-s^sQh k \\ 2 p < e-^ Y \\Q ie *W 

k k 

< L p e- 2 ^-^ Y WQ^kf P < L p e-^- s kr(Q) 


and thus 


£(IK # (t)|| 2 )<2e 


— 2 K,t I 




— 2 K,t 


)tr(Q) 


Lptr(Q) 
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ujf is thus a stationary Ornstein-Uhlenbeck process on u^r. 

So far it is not clear that the expansion in Theorem 13.101 gives the right 
description of the influence of the noise on the traveling wave. A different 
choice of Co would yield another expansion and we are left to justify that our 
particular choice of Co provides the right picture. 

Set ipk(t ) = ct + eCo(t) + ... + e k Ck{t). The C& describe the phase shift 
caused by the noise to order e k+1 in the sense of the following proposition. 

Proposition 3.11. For t < r gj£ A r^ e , o >-) ||it — u{- — ct — ea)|| Pt is locally 
minimal to order e at a = Co(t). 

a i—>■ ||tz — u(- — ct — eCo(f) — c 2 a)|| Pt (--eC 0 (t)) is locally minimal to order e 2 
at a = C\ ( t ). 

Proof. Note that, using C51) and Thm. 13.51 

IK*) - u(- - ct - ea)\\ 2 pt = e 2 (v 0 (t) + n(t), u x (- - ip 0 (t))) Pt 

a=Co(t ) 

= e 2 (K*)K(' - ct)) + o(e 2 ) = o(e 2 ) 


1 d 

2 da 


and 


1 

2 da 2 


IK*) 

a=C 0 (t) 


u{- - ct-ea) || 2 t 


e 2 {u x ,ip) + o(e 2 ) = e 2 + o(e 2 ). 


Co is thus such that || u(t) — u(- — ct — eCo(t))|| Pt is locally minimal to order e. 
Similarly we have that, using Thm. 13.61 


2 fa IK*) ~ ~ ct ~ eC o(*) ~ e 2 a)|| 2 t( ._ £Co(t)) 

a—C i (t) 

= e 3 (v 0 (t) + ev! (t) + er 2 (t ), u x {- - g>i (i))) Pt( .- e c 0 (t)) 

= e 4 ( - C 0 {t)(v 0 {t),il) x {- - ct)) + (vi(t),ip{- - ct))) + o(e 4 ). 


Note that 


(vi(t),ip{- - ct.)) 

= J {w* (■ - cs))(iuo( s ) - C 0 (s)u x (- - cs)v 0 (s))^,ip(- - cs))ds 

+ Ci(t) + —{u x , V’x)Co(t) 

= C 0 (t)(v 0 (t),ip x {- - ct). 


We thus obtain 

IK*) - «(• - ^ - eC 0 (f) - e 2 a)|| 2 t( ._ eCo(t)) = o(e 4 ) 

a=Ci(t) 

and 

IK - «(• ^ ct - eC 0 (t) - e 2 a|| 2 t( ._ eCo(t)) = e 4 + o(e 4 ). 

a—C i (t) 

□ 


1 jr 

2 da 2 


l_d 
2 da 
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Together with Proposition 13.111 and the properties of ujf, the expansion 
expresses the stability of the traveling wave under the noise. With large prob¬ 
ability, up to the time horizon T, the stochastic solution can be described as a 
wave profile moving at an adapted speed with stationary fluctuations around it. 

Remark 3.12. The spectral gap of L# expresses linear stability properties. The 
control over ||uo(t)|| Pt allows us to derive local stability up to the time horizon 
T, since the rest terms are of smaller order. The main problem in going over 
to larger time scales is that we lose control of the L 2 -norm in estimates such as 

\\w*vX<K P \\v\\ P \M- 

Proof of Lemma Unft Using E21) we obtain that for t > 0, 

<T(*) - C 0 (t) = e~ mt (r], ip) + f - cs),dW s ) =: e~ mt ( V ^) + S t . 

Jo 

By Ito’s Lemma, 

St = (?/>(• - Ct), W t ) - [ 77ie -m(t-s) (ip(- - cs), W s )ds 
Jo 

+ [ ce~ m( - t ~ s ' ) (4> x (- - cs), W s )ds 

Jo 

me -m(t-s)(^(. _ ctfWt) - - cs),W s ))ds + e~ mt (ip(- - ct),Wt) 

+ [ ce~ m( ' t ~ s ^(ip x {- - cs), W s )ds. 

Jo 

Note that by the Holder continuity of t —> {ip(- — ct),W t ), for any 0 < /? < 
Mp(T,u>) := sup| t _ s | <T h | /’(-~c*)Wtl-jp(--ea),rv 3 )| < ^ a j most sure iy ( c f. Ig] , 

Thm. 3.3). We can thus estimate 

me -m(t- s )(^(. _ c tfw t ) - {-!/'(• - cs),W s ))ds 

< Mp (T, oj) f me- m{t - s \t-sfds 
Jo 

1 f°° 1 

<Mp(T,u)—s / e~ r r /3 dr = M 0 (T,uj)—gT(l + P), 
m p J o m p 

where T(t) = f 0 °° x 4 1 e X dx is the gamma function, and we obtain that 

I'S’tl < Mg(T, w)—L t (1 + /?) + (e~ mt HV’II + — Hl/’xll) sup ||W(s)||. 
mP m o < s <t 

Thus, 

sup \C™(t) — C 0 (t)| 

5 <t<T 

<e- m5 M(h\\+ sup \\W(t)\\) 

0 <t<T 

+ -Ux\\ sup \\W(t)\\ A-^MpiT, U )r(l + 0) JJ^0,a.s. 
m o <t<T rnP 
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Now we consider v™. Since for s <t, Pt, s u x (- — cs) = u x (■ — ct), we have for 
t > 0 

v™{t)=P t ,oV+ [ c^(s)P t ,sU x (- - cs)ds + [ P t , s dW s 

Jo Jo 

= Pt,o^oV + (’]»%(■ - Ct) + C™(t)u x (■ - ct) 

+ f Pt } sKsdW s + f {ip(- - cs),dW s )u x (- - ct) 

Jo Jo 

= V 0 (t) + ( C™{t ) - C 0 (t))u x ( ■ - ct), 

and hence 

sup \\v™(t) -v 0 (t)\\ H1{1+ } 

6<t<T 

< sup I C^(t) - Co ft) I ||ux|| g i(i +p) m ~ v °°> 0, a.s. 

5<t<T 

The convergence of follows from Lemma [3771 and the convergence of C™ 

and v™. 

Using and 


- c™(s)C™(s)P tiS u xx (- - cs) + c?(s)P ttS u x (- - cs) 

= (J-P tt8 + P M (P S + cd x )) ( - \{C^) 2 {s)u xx {- - cs) + C™{s)u x {- - cs)) 


d_ 

di 

we obtain 


vTtf) = J q p t,sw * ( 'f"(u{ ■ - cs))(i(u^) 2 (s) - C™(s)u x (- - cs)v^(s)))ds 
- \{C^f{t)u xx {- - ct) + Cr(t)u x (- - ct) 

J ( C T) 2 ( S )- P *,s( i s + cd x )u xx {- - cs)ds. 

Using the convergence of C™, CJ 71 , and v™, and the fact that by Ito’s Lemma 

1 if 4 

TfC'o id)'C’xx (* ct) — J Cq ( s)Pt }S ( L s T cd x )u xx (- cs)ds 

= ~Co(t)P ttt u xx (- - Ct) + i J Co(s)J^(P t , s u xx (- - cs))ds 

1 f £ 

= 77 / Cs)dC q (s), 

^ Jo 

the convergence of v™ to v\ follows. 


4 Asymptotic behavior of u x , i/j, and p 

In all of this section we assume exponential synaptic decay, i.e. w{x) = -yyC~~ 
for some a > 0. We will show that Assumption Id. 1 1 on the density p is satisfied 
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for this choice of kernel. To this end, we analyze the asymptotic behavior of u x , 
V>, and p. 

We assume that there exist z\ < Z 2 such that F"(x) > 0 for x < Zi, F"{x) < 
0 for x > z< 2 . 

Set cf>(x) = w * ip(x). 

Lemma 4.1. (i) There exist y\ < 2/2 such that u xx (x) > 0 for x < y\ and 

u xx (x) < 0 for x > 2 / 2 ■ 

(ii) There exist y± < 2/2 such that (f> x {x) > 0 for x < y\ and 4> x (x) < 0 for 
x > 2 / 2 - 

(Hi) For all x < y\ := min(u _1 ( 2 ;i), 2 / 1 , yi), ipx{x) > 0, while for all x > 1/2 ■= 
max(u“ 1 (^ 2 )> 2 / 2 j ^ 2 ); 4>x{x) < 0. 

Proof, (i) We have 

/*oo 

u(x) — cr 2 u xx {x) = (1 — a 2 A) / e~ s w * F(u)(x + cs)ds 

Jo 

roo 

= / e~ s F(u(x + cs))ds > F(u(x)), 

J 0 

which implies that o 2 u xx < u — F(u) < 0 for x > u~ 1 (a). 

Let b\ = min { 2 ; : F'(x) > 1}. Assume that there exist x\ < X 2 < ti _1 (6i) 
such that u xx (x 1 ) = 0, u xx {x 2 ) = 0 and u xx (x) < 0 for X\ < x < X 2 ■ We have 

u - cr 2 u xx - cu x + ca 2 u xxx = (1 - cr 2 A)(u - cu x ) 

= (1 — a 2 A)w * F(u) = F(u) 

and therefore 


0 {u xx (x 2 ) u xx (x 1 )) — ccj {u XX x{x 2 ) a xxx {x\^ c(u x (x 2 ) u x {x 1 )) 


>0 


<0 


+ u(x 2 ) - F(u(x 2 )) - (u(x 1 ) - F(u(x 1 ))) > 0, 

'-— - -' 

=J^ 2 (1 —F' (u(x)))u x (x)dx> 0 

which is a contradiction. Thus, since u x > 0 implies that u xx (x) > 0 for 
arbitrarily small x, the claim follows. 

(ii): </> satisfies 


F'{u)(f> = (1 + cd x )ip = (1 + cd x )( 1 - <t 2 A)4> 

— (f) T C(j) x (7 (f) xx CCT (fxxx- 


(24) 


There exist z[ < z' 2 such that F'(u(x)) < 1 for all x < z[ and x > z' 2 . Since 
fl <f>x(y)dy = 4>(x) > 0 for all x, there exist arbitrarily small z such that 
tp x (z) > 0. Analogously, since J°° (f> x {y)dy = —< f>{x ) < 0, there exist arbitrar¬ 
ily large 2: such that <f> x (z) < 0. We show that there exists no positive local 
maximum of f) x on {F'(u) < 1}. Then (ii) follows. 

So assume there exists x$ such that F'(u(xo)) < 1 and <p x attains a positive 
local maximum at Xq. Then, using (1241) . 


0 < (1 - F'(u(xo)))(j)(xo) 


-~C(f x (xo) + (J 2 (j) 

XX (a; 0 ) +ca 2 

^ S. ✓ 


(frxxxipc 0) O5 


<0 


<0 


=0 
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which is a contradiction. 

(iii): ip satisfies ip + cip x = F'(u)<p. Differentiating we obtain 

i/j x (x) + cip xx (x) = F" (u(x))u x {x)<p(x) + F'(u(x))(p x {x) =: g(x). 

For x < y\, g(x ) > 0 and for x > y 2l g{x) < 0. Thus, ip does not attain a local 
maximum on (— 00, £ 1 ), nor a local minimum on (2:2,00). Since ip > 0 there 
exist arbitrarily small x such that ip x (x) > 0 and arbitrarily large x such that 
ip x (x) < 0, and the claim follows. □ 

Let <5i = 1 — lim^-oo F'(u{x)), S 2 = 1 - lim^oo F'(u(x)). 

Theorem 4.2. Let e > 0. There exist X\(e) < x 2 (e) and, y/Si < Si(c) < 
i,Vs 2 < 62 (c) < 1, such that for all x < xi, y > 0, 

y/ +e 

u x (x) < e~^~ v u x (x - y), 

^l( c ) —e ^l( c ) + e 

e 5 v cp(x — y) <p{x) < e » v p(x — y) 


and for all x > x 2 ,y > 0, 

S 2 (c) + e 


e ” v u x (x) <u x (x + y) < e 

y/&2+e 


S 2 (c)-€ 


c(x) 


~ y cp(x) <p(x + y) 


For i = 1,2, 6i(c) is the unique positive root of fi(x, c) = cx 3 + ax 2 — cx — <5,c, 
and is increasing in c with (5^(0) = yfSl and lim^oo Si(c) = 1. 

Proof. Let yi,y 2 be as in Lemma T4. II Note that 

cr 2 u xxx (x) _ _ (/ - o 2 A)u x (x) 

u x (x) u x (x) 

(I — o 2 A) / 0 °° e~ s w * (F' (u)u x )(x + cs)ds 
u x (x) 

1 fe-F (ii( x + cs))u x { x + cs)ds 

u x (x) 

and since F'{u)p = ip + cip x = (I + cd x )(I — o 2 A)cp, 


v 2 (pxx{x) _ 1 _ (I + cd x )~ l (F'{u)(p)(x) 
<t>(x) (p(x) 

. fo° e~ s F'(u(x — cs))<p(x 

<Kx) 


cs)ds 


So if c = 0, then a = 1 — F'(u(x)), which converges to <5i and S 2 for 

Ux \Xj \ \ / / 

x —> — 00 and x —> 00 , respectively. 

Now assume that c > 0. For x <yi, u xx (x) > 0 and thus 


c 2 Uxxx{x) <1 _ 
'Ux (^) 

< 1 - 


i 


-sv'f'-f . ssU x (x + Cs) 
e h {u{x + cs ))— , —ds 

U x { X) 

e~ s F\u{x + cs))ds °°> Si. 
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Thus, there exists #i(e) such that for x < Xi, 


( \ ^ ^ + 6 - < \ 
U X xx\X) < - —U X {X), 


and since u 2 xx (x ) - ^-ul (x)) = 2 u xx (x){u xxx {x) - ^ u x (x )) < 0 and 

lim x _ > _ 00 (u| x (a;) — ^ 3 ^u x (x)) = 0’ it follows that u xx (x) < ' / 5 ^ +e u x {x) and 

/ \ y /^ 1 “l -6 , ^ 

hence for y > 0, u x (x) < e ~ y u x (x — y). 

For x > y- 2 , <f> x (x) <0 and thus 

CT 2 <j>xx{x) [-^ -sr^u-, ^0(x-Cs) 

— 77 —r— < 1 — / eh (u(x — cs)) - —as 

<P{x) Jo 


< 1 - 


<t>0 

e~ s F’(u{x — cs))ds 52 


and we obtain similarly to the above that there exists X 2 such that for x > X 2 , 

/ \ y /^2 “l -6 N 

y > 0, <j)(x + y) > e 5 y 4 >(x). 


Next we show that S 2 (c) := lim x _ > _ 00 a and <5f (c) := lim. 


c(*) 


«(*) 


exist. Note that \4> x \ < -</> such that for x < 2 i and y > 0, <^(x) < e<* y (j)(x — y). 
It follows that for x < z\, 


2 J> xx (x) 

4>{x) 


POO 

<1—1 e~ s F'(u(x — cs))e~° cs ds 
Jo 


4 1 - (1 - 5r)-^- = -4^ + tfr—=: ^ 1} (c), 


o’ -f- c a -h c a H- c 


with 5i < 5^(c) < 1. It follows that there exists Xi such that for x < X\, y > 0, 


</>(x) < e 


\J 3^ (c) + e 


v 4>{x — y). Using this improved bound, we obtain that 


a 2 4>xx(x) 

<t>{x) 


<1— / e s F'(u(x — cs))e~ 
Jo 

- > 1 - (1 — (Jl)- 


V (c) + g 


! ds 


a + \J 5^(c) + ec 
Thus, limsup3._j._QQ J tz\ x) < S ( 2 \c,e ) 1 - (1 - 5i)- 


=: 5f\c, e). 


4>{x 


_ ; T =• S^(c) 

- dl (C) 

with 5i < (^(c) < 5^(c). Iterating this procedure we obtain a decreasing 
sequence 5, (c) > 5i satisfying 

r(n+l) 


Sir >(C) = 1-0-60 


<x+ \J< ] {c)c 


Thus, <5i(c) := lim^oo 5^\c) satisfies 

cSf(c) + 0 S 2 (c) — c5i(c) = 5icr 

and is therefore the unique positive root of /i(c, x) = cx 3 + ax 2 — cx — 6 ±a. 
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On the other hand, for small enough x 
<y 2 4>xx{x) 


<P(x) 1 JO 


pOO 

/ e~ s F' (u{x — cs))ds °^> (?i, 
Jo 


and hence 


f 

+ i-(i -SO- 


G ^Xx{ X ) 1 I _s 771/ / ~ / \\ - 

-—-— > 1 — / e F ma; — cs))e 

./o 


/ s i ~ e 


S ds 

=■ S'i (1) (c, e). 


(t + y/5\ — ec 

Thus, liminf x _ J ._ 00 > ^ (1) (c,e) 1 - (1 - ^i) g+ ^- c == ^(c) 

with <5i < ^ (1) (c) < 1. Iteration of the procedure yields an increasing se¬ 
quence $ n) (c) < 1 and 8' 1 (c) := lim,,-^ \J (c) is the unique positive root 
of /i(c, x) = cx 3 +cjx 2 — cx — 8 \<j. Hence, 81(c) = <$i(c) and it follows that there 
exists x\ such that for x < x±, y > 0, 


<5l (c)~e . 


(c) + e „ 


<p(x — y) < 4>{x) < e ° v (j){x — y) 


Analogously, we obtain that there exists X2 such that for x > X2, y > 0, 

^2(*)-^ e ^2( c ) —e 
e " v Ux{x) < u x (x + y) < e 5 v u x (x), 

where 82(c) is the unique positive root of / 2 (c, x) = cx 3 + ax 2 — cx — 82c. 

Since for * = 1,2, 

0 = ^ fi(c,Si(c )) = ^/*(c,5»(c)) + IsW-j^fiicMc)), 

■jfcfi(c,5i(c)) = 8 3 (c) - 8i(c) < 0, and ^ /(c, <5,(c )) > 0, it follows that Si(c) is 
increasing in c with <j,(0) = \[8l and lim^oo Si(c) = 1. □ 

Proposition 4.3. (i) There exists constants £q, &2 such that k\<j> < ip < k2<p- 

(ii) Let e > 0 (small enough) and let x±(e) < X2(e) be as in Theorem \Jf. 
There exist constants fci, k2,k(, k' 2 such that for x < X\, y > 0, 

<*1 (c) — y/Si~ 2e gj (c) + e 

k\e 5 y p(x — y) < p(x) < k2e 5 v p(x — y) 
and for x > X2, y > 0, 

$2 ( c )~\Z^2~~ 2e ^2( c ) + e 

5 y /9(a; — y) < p(x) < k 2 e 5 v p(x — y). 

Proof, (i) We have 

(1 + cd x )ip x = F"(u)u x w *ip + F'(u)w x * ip 


pOO 

ipx{x) = / e~ s (F" (u(x — cs))u x {x — cs)w * ip(x — cs) 

Jo 


< 


+ F'(u(x — cs))u> x * ip{x — cs))ds 
F"(u)u x 


F'(u) 


w 


0- 


and thus 
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It follows that there exists k\ such that 

+ < l 

F’(u) - kt 

Let yi, y 2 be as in Lemma ITT! Fix <5 > 0. Then for x > y 2 + <5, 

[x ,a 

<p(x) = w * x ) > / w(x — y)if{y) > / w(y)dyif(x) 

Jx—8 J 0 

and for x < y± — 6, 

nX-\-8 nS 

<t>{x) > / w{x - y)tp(y)dy = / w(y)dyip(x). 

Jx J 0 


For xi — 5 < x < X 2 + (5, 


0(x) > mil W-s<y<x 2+ s <t>{y) 


ma x Xl -s< y < X2+ s i>(y) 


and the claim follows. 

(ii) For x < xi, y > 0, 


, \ / l ^-y) ^ l _hMWE~2±y 4>{x) , h 

p(x — y) < k 2 T-, -r < K^e T ' — ~ e u P\ x ) 


c{x - y) 


= 0*0 h 


and 




U x (x - y) 


u x {x) k 2 


For x > x 2 , y > 0, 


and 


~ s 2 (o)+« 6(x) k 2 , \ 

p(x + y) < k 2 e «■ v ^ < —e »• y p(x)> 

U'xyx) k\ 


. fcl *2(<Q-\/*2-2« 
pyx + y) > — e * pyx). 
k 2 


□ 


Corollary 4.4. There exists a constant L p such that p[x — y) < L p p[x) for all 
i£l and y > 0. 

Proof. By Proposition 14.31 there exist xi < £2 and a constant k such that 
p(x — y) < kp(x) for x < x\,y > 0, and p(x — y) < kp(x) for x — y > x 2 ,y > 0. 
If x-y < xi < x < x 2) then p(x-y) < kp(x 1 ) < fc min p ( z ) P( x ), if x-y < 

x\ < x 2 < x, then p(x — y) < kp{x 1 ) < k 2 p(x), and if Xi < x — ?/ < X 2 , 
then p(x - y) < fc max *i <*<*2 ^ ptx). □ 

rv yy — mm a - 1 < 2: < ;E2 p(» > 

Corollary 4.5. There exists a constant K p such that for all xGM, 

/ w{x - y)p(y)dy < K p p{x). 
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Proof. Fix e > 0 (small enough) and let Xi,X 2 be as in Theorem l4.2l We denote 
by k an arbitrary positive constant that may change from step to step. By 
Proposition [Ol we have for x < Xi, 


w * p(x) 

f x f Xl h 

<k w(x — y)p(x)dy + k w(x — y)e 
J —OO J X 


(c) + e 


X ^p(x)dy 

S 2 (c) + e , 


+ / w(x — y)dy max p(y) + k / w(x — y)e ° ^ v X 2 > p(x 2 )dy 


xi<y<x 2 


=: I\ + I2 + I3 + I A- 


Clearly, I\ < kp{x). Since 61 (c) + e < 1, also I 2 < kp(x). Note that p(x) > 
ke~ l( <^ >+ ( Xl ~ x ^p(x 1 ). As Jw(x — y)dy = ^(e~~^~ — e ^~), it follows that 

h < ke~ 1 ~ ai i e) ~ e (xi-x) < kp(x). 

p(x 1) 

Since f™ w(x — y)e 2< ^ )+ ( ' v ~ X2 ' > dy < ke° , we have 


p(x 1) 

For x\ < x < X 2 , we obtain as above that 


P(x 1 ) 

p{x) 


< kp(x). 


w * p(x) < kp(xi) + max ply) + kplX 2 ) < k - , . . 

xi<y<x 2 v mi n Xl < y < X2 p(y) 

Finally, for x > X 2 , 

r 

w * p(x) < kp(Xi) + max p(y) + k / w(x,y)dyp(x ) 
x 1 <y<x 2 J x 


I 5 2 (c) + e/ x 

k / w(x,y)e v X ^p(x)dy. 


Noting that 62 (c) + e < 1 and that p(x) > kp(X 2 ), we see that also in this case 
w * p(x) < kp(x), which concludes the proof. □ 
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